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Abstract 

In this note, we prove two Kazdan- Warner type identities involving v^ 2k \ the renormalized 
volume coefficients of a Riemannian manifold (M n ,g), and G^r, the so-called Gauss-Bonnet 
curvature, and a conformal Killing vector field on (M n , g). In the case when the Riemannian 
manifold is locally conformally flat, v^ 2k ^ = (— 2)~ fe 07j, G% r (<?) = 4 (n-2r)\ ! ° r an< ^ our resu lts 
reduce to earlier ones established by Viaclovsky in |V2j and the second author in [H] . 
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1 Introduction 

In [V2] and [Hj, the following result was proved 

Theorem A ( |V2j . [H] ) Let (M,g) be a compact Riemannian manifold of dimension n > 3, 
o~k(g~ 1 oA g ) be the curvature of g, and X be a conformal Killing vector field on (M,g). When 
k > 3 ; we also assume that (M, g) is locally conformally flat, then 

(X,Va k (g- 1 oA g ))dv g = 0. (1.1) 



Jm 



Recall that on an n-dimensional Riemannian manifold (M,g), n > 3, the full Riemannian 
curvature tensor Rm decomposes as 

Rm = W g ® {A g g) (1.2) 
where W g denotes the Weyl tensor of g, 



An = — ^(Ric s - , Rg , g) (1.3) 
9 n-2 v g 2n-lV' 
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denotes the Schouten tensor, and is the Kulkani-Nomizu wedge product. Under a conformal 
change of metrics g w = e 2w g, where w is a smooth function over the manifold, the Weyl curvature 
changes pointwise as W 9w = e 2w W g . Thus, essential information of the Riemannian curvature 
tensor under a conformal change of metrics is reflected by the change of the Schouten tensor. One 
often tries to study the Schouten tensor through studying the elementary symmetric functions 
Ckid -1 ° A g ) (which we later denote as 0fc(<?)) of the eigenvalues of the Schouten tensor, called 
the <7fc curvatures of g, and studying how they deform under conformal change of metrics. 

The following question is natural in relation to Theorem A: 

Question. Can we generalize Theorem A without the condition "locally conformally flat" for 
allk>\? 

In this note, we give an affirmative answer to the above question. Renormalized volume 
coefficients, v^ 2k \g), of a Riemannian metric g, were introduced in the physics literature in the 
late 1990's in the context of AdS/CFT correspondence — see [G] for a mathematical discussion, 
and were shown in |GJ| to be equal to crk{g~ l A g ), up to a scaling constant, when (M,g) is 
locally conformally flat. In fact, in the normalization we are going to adopt, 

v^{g) = -\a l (g), v^(g) = \a 2 (g). (1.4) 

For k = 3, Graham and Juhl ( |GJ] . page 5) have aslo listed the following formula for v^ 6 \g): 

v {e) (g) = —Wsig) + —L—iAjViBM, (1.5) 

where 

(Bg)ij ■= ~^ k V l W llkj + J—R kl W m (1.6) 

is the Bach tensor of the metric. Just as Jj^o'kig 1 A g )dv g is conformally invariant when 
2k = n and (M,g) is locally conformally flat, Graham showed in [G] that J M v^ 2k \g) dv g is 
also conformally invariant on a general manifold when 2k = n. Chang and Fang showed in 
[CFj that, for n ^ 2k, the Euler-Lagrange equations for the functional J M v ( 2k > (g) dv g under 
conformal variations subject to the constraint Vol g {M) = 1 satisfies v^ 2k '{g) = const., which is 
a generalized characterization for the curvatures cr^g -1 °A g ) when (M,g) is locally conformally 
flat, as given by Viaclovsky [VI] . 

In this note, we will first show that the curvatures v^ 2k ^ (g) will play the role of a^g -1 o A g ) in 
(jl.lh for a general manifold. We note that Graham [G] also gives an explicit expression of (g), 
but the explicit expression of v^ 2k \g) for general k is not known because they are algebraically 
complicated (see page 3 of [G]). Thus the study of the v^ 2k \g) curvatures involves significant 
challenges not shared by that of o~k{g)'- firstly, for k > 3, v^ 2k \g) depends on derivatives of 
curvature of g — in fact, for k > 3, y( 2k \g) depends on derivatives of curvatures of order up to 
2k — 4; secondly, the v^ 2k \g) are defined via an indirect highly nonlinear inductive algorithm 
(see [G]). Despite these difficulties, we can use some properties of these v^ 2k \g) curvatures to 
prove the following 
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Theorem 1. Let (M,g) be a compact Riemannian manifold of dimension n > 3, X be a 
conformal Killing vector field on (M n ,g). For k > 1, we have 

[ (X,Vv^ k \g))dv 9 = 0. 

JM 

Remark 1. From (1.4), we know that Theorem Q] is equivalent to Theorem A when k= 1,2, or 
when (M n ,g) is locally conformally flat for k > 3. 

The second result involves the Gauss-Bonnet curvatures G?2 r (2r < re), introduced by H. Weyl 
in 1939, which is defined by (also see [L]) 

<*2rW - <W..< ap _ 1 < 2r ^ jlJ2 . . . K j2r _ lj2r , (l-'J 

where ^ 1 f 2 "'f 2r ~ 1 / 2 ' is the generalized Kronecker symbol. Note that Go = 2i?, R the scalar 
curvature. We can prove that 

Theorem 2. Let (M n ,g) be a compact Riemannian manifold, and X be a conformal Killing 
vector field. Then for the Gauss-Bonnet curvatures defined above, we have 

[ CxG 2 r(g)dv g = 0. (1.8) 

JM 

Remark 2. When (M,g) is locally conformally flat, we see that the Gauss curvature G2 r (g) = 
4 (n-2r)\' Ut ' so Theorem [2] reduces to Theorem A. 

Remark 3. M. Labbi ([L]) proved that the first variation of the functional f M G<irdv g within the 
metrics with constant volume gave the so-called generalized Einstein metric, and this functional 
has the variational property for 2r < n and is a topological invariant for 2r = re. In fact, if 
re = 2r, this functional is the Gauss-Bonnet integrand up to a constant ([C]). 

In the next section, we first provide a general proof for Theorem [1] by adapting an ingredient 
in a preprint version of [Hj, and making use of a variation formula for v^ 2k \g) established in [G] 
and [CF] . And because of the explicit expression for v^ 6 \g) and potential applications to other 
related problems in low dimensions, we provide a self-contained proof for Theorem Q] in the case 
k = 3 in section 3. We will give a proof of Theorem [2] in section 4. 



2 Proof of Theorem [T] 



We will need the following variation formula for v^ 2k \g), see [G] . 

Proposition 1. Under the conformal transformation g t = e 2tri g, the variation of v^ 2k \g t ) is 





given by 



Ot 



t= / 2k) (9t) = -2kr]vW + Vi(I% )Vj ), 



(2.1) 



where LV^ is define as in fU}/ by 



TV 
L (k) 



k 

Eh 



' (a - J "(9)#V0>) 



1=1 



tt v 



p=0 
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with gij(p) denoting the extension of g such that 

{dp) 2 - 2pg{p) 



9+ 



v 



is an asymptotic solution to Ric{g+) = —ng+ near p = 0. 
An integral version of d23|) appeared in [CFJ: 

/ ii t y k \ 9t )]+2k V v^\g)}dv g = 0. 



(2.2) 



Proof of Theorem[l\ in the case n ^ 2k. Let X be a conformal vector field on M. Let <pt denote 
the local one-parameter family of conformal diffeomorphisms of (M,g) generated by X. Thus 
for some smooth function u% on M , we have 



ti(g) = e 2uJt g=:g t . 

We have the following properties 

4>* t v^(g)=v^H4>;g)=v^He^g), 



u :- 



dt 



divX 



n 



dt 



t=o 



(g^ 1 o A{g t )) = -V 2 u - 2ug~ l o A(g). 



0_ 

di 



t=0 



div gt A" = nXrj = n{X,Vn). 



(2.3) 

(2.4) 
(2.5) 
(2.6) 
(2.7) 



Using flU]), and (J2HJ, we have 



(X,VvW(g)) 



d_ 

dt 



t= y 2k \gt)\ 



2k 



n 



-dW(v^X) + ^<X, W 2 %)> + iv^JdivX),), 
n n n » ' 



from which it follows that 



f 1 - (X Vt,( 2 %)) = -^div^X) + iv,(2& (d^)i). 
\ n J n n w 

Theorem [T] in the case 2k ^ n now follows directly by integrating (12. 8p over M. 



(2.8 



□ 



Proof of Theorem^ in the case 2k = n. As in [H], we will prove that for any conformal metric 
ffl = e 2r] g of 5, 



(X,vW( 9l ))dv 



91 



(A, W ( 2fc )( 5 ))^ s 



Af 



div 9 AV 2 %)cfc 9 , 



(2.9) 
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i.e. f M {X,v( 2k \g))dv g is independent of the particular choice of metrics in the conformal class. 
To this end, we only have to prove that for gt = e 2tT! g, 



d_ 

0t 



dw gt Xv^ 2k \g t )dv : 



tit 



0. 



(2.10) 



We prove (|2.10p by direct computations using Proposition [TJ Indeed, 



M 



M 



M 



M 



n(X, Vrj)vW + dwX( - 2knv^ + V^L^-)) + nrjdivXv^ 



dv„ 



n(X, Vr])vW + divXV i(^ k) Vj 
\nv^X,Vrj) - L^divX)^) 



dv„ 



dv n 



(2.11) 



div(nv^X) + Vj (^(divX) 



r]dv„ 







in the case n = 2k by (| 2 . 8 1) . 

The remaining argument is an adaptation of an argument of Bourguignon and Ezin ([BE]): 
either the connected component of the identity of the conformal group Co(Al,g) is compact, 
then there is a metric g conformal to g admitting Co(M,g) as a group of isometries, from which 
it follows that div^X = and (1.7) therefore holds; or, Co(M,g) is non-compact, then by a 
theorem of Obata-Ferrand, (M,g) is conformal to the standard sphere, in which case we can 
pick the canonical metric to compute the integral on the left hand side of (1.7) and conclude 
that it is zero. □ 



3 Self-contained proof of Theorem [T] in the case k = 3 

We aim to give a direct, self-contained derivation for a more explicit version of (|2.ip . more 
precisely, under conformal change of metrics gt = e 2tri g, we have 



0_ 

Of 



v (6 Hgt) = -6v^(g)r ] + ^ 



t=o 



(6), 



^24(n-4) J ' 



(2) 

where (g) is the Newton tensor associated with A g , as defined in Reilly [R] : 
Definition. For an integer k > 0, k-th. Newton tensor is 



ij 



k\^ v 



■Ok] A A. . 

■i k i ^HlJl ^kJk 



(3.1) 



where ^'.'.'.f!°l is the generalized Kronecker symbol. 

With ()3.ip we can repeat the proof in the last section to prove Theorem [T] in the case k = 3. 
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First we recall the transformation laws for the tensors -By and Ay under conformal change 
of metrics gt = e 2tr, g — see |CF| : 



[V77|| 



Aij {g t ) = Aij - V|r? + V^V^ 



9ij] 



Bij{g t ) = e" 24 " (Sy + (n - 4)t(Cy fe + C itt )V*T/ + (n - ^W^vS/V'- 



7/ . 



where Cy^ are the components of the Cotton tensor defined by 

with Aij k being the components of the covariant derivative of the Schouten tensor Ay. 



Thus 



a_ 

di 



t=Q A ij (9t) = -V ij V -^(g) V , and ^ 



t=o 



Bij(gt) = {n- 4)(Cy fe + C jik )V k V - 2t ?j B„-. 



We recall some properties to be used. 
Proposition 2. (TVT/.WIjJHLl). We have 

(*) ko k (g) = Y / T$- 1) A ij 



(U) = (n-k)a k (g). 

i 

(in) EV l W H]k = -(n-3)C ijk . 



Using the relation between «W and 03Q7), A lJ .By as in (|1.5|) . we find 



'I 



t=o 



^( 5 )(-VS-2^( 5 ))+^-L_ 



Bij(g)V ij V + (n- 4)A^(g)(C ijk + C jik )V k r, - GrjA^Bij 



6k 3 (s) + 



3(n - 4) 
=487j (6) ( 5 )r/- V j 



A^Sy 77 



?f (,) + ^ 



3(n - 4) 



3 J 



+ 



3(n - 4) 

where we used (|1 . 5j) and (i) of Proposition [2j In the following we will verify that 
thus establishing (13, ip . The above property would follow from the following 



Lemma 1. (i) 



(2) 
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Proof of (i). We have the following calculation in normal coordinate, 

V T (2) _ V(— V S jlj2j A- ■ A- 



^2]2)'J 



EA-ilJ-'J .1 . A. . . 

— AP1C ■ 



where we used 



and ^2 Anj = ^ Aij^, which itself is a consequence of the second Bianchi identity. 





Oiljl 


"hja 




diJ2j _ 
i\i 2 i 




3i 2 j2 


Oi 2 j 




"iji 


"ij 2 





□ 



Proof of (ii). First, using (hi) of Proposition [2] and substituting Rij in terms of Aij in the 
definition of the Bach tensor Bij, we obtain 

Bij = - Cikj,k + AkiWukj 
k k,l 

= — ^2 (Aik,jk — Aij ykk ) + ^2 AkiWukj- 

k kj 



Thus 



1.1:1 



'- — ^ (A ik j k j — Aij ikk j) + ^2 (A k ijWn k j + A k iW[ ik jj) 

j,k k,l,j 

'- — (Aikjkj — A ik jj k ) + A k ijWnkj — (n — 3) A k [C k u 

j.k k,l,j k,l 

: — ^ ] {Ai k m R m j k j + Ai m j R m kkj + A mk jR m i k j) + ^ ^ A k i jWn k j + (n — 3) ^ ^ A k \Cku 

j,k,m k,l,j k,l 

'- (~ A mk j Rmikj + A km jW m i k j) + (n — 3) ^ ^ A k iC k n 

j,k,m k,l 

'- ^ ] A mk j (— A mk gij + A m jgi k — g m kAij + g m jAi k ) + (n — 3) ^ ^ A k iC k n 

j,k,m k,l 

'- ^ ] (~A mkj iA mk + A m i k A mk — A mk jg mk Aij + A m j k g mk Aij) + (n — 3) ^ ^ A k iC k u 



m,k 



k,l 



] ^mfc (A m i :k A mki i) + (n 3) ^ ^ A k [C k n 



m,k 



k.l 
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: A mk C m ik + (n — 3) A ki C, 



kli 



m.k 



k,l 



k,l 



where we have used 



Rrnikj W^mikj A mk9ij A rnj9ik 9mk A ij 9mj A ik' 



□ 



Proof of Theorem^ of the special case k = 3. We use the notations of section 2, let <f>t be the 
local one-parameter family of conformal diffeomorphisms of (M, g) generated by X. For gt = 
<t>t(g) = e 2u;t <jf, similar to (|3.ip we have 



(X,v 



(6)\ 



0_ 

dt 



t= / 6) (9t) = -6v^(g)iu + Y,V 



ffifc) B l3 {g) 

+ 24(n-4) ,V " 



(3.2) 



if n ^ 2k then integrating (|3.2[) we can get Theorem [TJ 

While if n = 2k, then by use of (13, ip and (13. 2D . we can prove that J M (X, (g))dv g is 
independent of the particular choice of the metric within the conformal class. The remaining of 
the proof is verbatim the same as that of section 2. □ 



4 Proof of Theorem [2] 

In this section, we will prove Theorem [2] using a similar method as in section [2j Let (M n ,g) be 
a compact Riemannian manifold, and we denote by Rijki the Riemann curvature tensor in local 
coordinates. Define a tensor P r (2r < n) by 

r% u ii 1 i 2 ...i 2r -ii2r jlh ' ' jsr-ljur' 



where 5J 1 - 2 "; ) is the generalized Kronecker symbol. First we give the following lemma. 

lll«2 ...%2r — l*2r ° o o 



rfJU2---J2r-lJ2r 
iili2...l2r-li2r 

Lemma 2. T/ie tensor P r is divergence free, i.e. 



P r \j = 0, /or any i. 
Proof. We have the following direct computations. 

pi = j.xjhh—jar-ljUr r^lis piaf— l*2r 

°iiii2...Z2r-liar 3132,3'' hr-l32r 

— _ r X33l32—j2r-lfer nhi2 7->«2r-l«2r 

_ d3l32— hr-lhr nhh Tihr-lhr 

°Mli2...«2r-l«2r jj'l J2 ' ' 32t-\32t 

— _O r fi3 3 lh— hr-lhr nhh pWr-l*2r 

°Mli 2 — iar-liar 3lh>3 ' ' hr-lhr 

— -2P j 

where we have used the second Bianchi identity. It then follows that = 0. □ 
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We need the following algebraic lemma. 
Lemma 3. The generalized Kronecker symbol satisfies 

n 

for any 1 < ix, . . . ,j r <n, and r < n. 

The proof of Lemma [3] is a direct calculation by use of the definition and we omit it here. 

Let X be a conformal vector field, denoted by <f> t be the one-parameter subgroup of diffeo- 
morphism generated by X. Then there exists a family of functions u% such that gt = <fi*9 = e 2uJt g- 
We have (|2.5p . oj = 0, and 

G 2r {g t ) = <t>tG 2r (g). (4.1) 
Under conformal change of metrics gt = e 2uJt g, we have the following formula (see e.g. |CLN] ). 

R%i(9t)=e-^(R% l -(aOgf kl ), (4.2) 



M\ytj - <=. ^ kl y^yyyj kl j, 

where we denote Oij = (uJt)ij — (uJt)i(uJt)j + 9ij for convenience (note that (uJt)ij is the 
covariant derivative with respect to the fixed metric g.) and is the Kulkani-Nomizu product, 
defined by 

(a g) ijk i = a ik gji + (Xjig ik - aug jk - a jk gu. 

From (|4.2p we see that 

-2nj t dlJ2— 32r- lj2r I pill2 



&2r{9t)-e d hi2-i2r-li2r [ R hh^^) jlh ) ' ' ' J2r- lj 2 r " iilr-liar 

(4.3) 

Taking derivative with respect to i on both sides of (|4.1|) and using (|4.3p . we see by use of (|2.5p 



5 

£xG 2r (g) = -Q t , G 2r {gt 



t=o 



;JU2---J2r-U2r 

2...«2r-l«2r V ^ 



= -2rwG 2r (c/) - 4r(n - 2r + l)P r _i/wj (4.4) 

divX , . 4r(n-2r + l) 
= -2r G 2r 5 - — * — divX l . 

n n J 

= -2r^G 2r ( 9 ) ~ ^- 2r + V) V J (p r ^Xy 
n n \ 

where we have used Lemma [3] in the third equality and Lemma [2] in the last equality. Integrating 
(|4.4p over M and using the divergence theorem, we see that 

I C x G 2r {g)dv = -2r [ ^^G 2r (g)dv = — f C x G 2r (g)dv, (4.5) 
J m Jm n n J M 

Hence, if n > 2r, it follows from (14. 5p that J M CxG 2r {g)dv = 0. If n = 2r, we follow similar 
ideas as in section O i.e. we need to prove that the integral 

G 2r (g)div g Xdvg, 

M 
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is independent of a particular choice of metrics within a conformal class. Let g\ = e 2v g(r] £ 
C°°{M)) be any metric in the conformal class [g]. Considering a family of metrics gt = e 2tr, g 
connecting g and g\ , we need to prove that 



d_ 

dt 

By a direct computation, we have 
G 2 r(gt)divg t Xdv gt 



/ G 2 r(gt)div gt Xdvg t = 0. 
*=° Jm 



d_ 

dt 



M 



M 



M 



*=o Jm 
d_ 

dt 



d 

G 2r (g t )divX + G 2r {g) — 
t=o dt 



t=o 



div gt X + nrjG 2r (g)&\vX 



dv n 



2rr J G 2r (g)divX - Ar{n - 2r + l)P r -i /rfjdivX + nG 2r (g)(Vr], X) + nG 2r (g)divXr] 



dv n 



2r V G 2r (g)divX - 4r/r(n - 2r + l)P r _i/ (divX)) - nr](VG 2r (g), X) 



dv 



=0, 



where we have used (j2.7|) in the second equality, the divergence theorem in the third equality 
and (|4.4|) in the last equality. The remaining proof follows the idea of [BE] as in section Hence 
we complete the proof of Theorem [2j 
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